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Abstract We give the sharp lower bound on the number of minimal reactions when
no “parallel” species (isomers or multiples) are allowed and all the species are built
up from at most four kinds of atoms in Theorem 16. This continues the investiga-
tions in Kumar and Pethő (Intern Chem Eng 25:767–769, 1985) through Szalkai and
Laflamme (Electr J Comb 5(1), 1998) which results we briefly summarize in the first
Section.
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1 Introduction and preliminary results

One important application of linear algebraic simplexes can be found in chemistry
(see e.g. in [1]). Though the present paper reveals some new pure mathematical prop-
erties of simplexes, these results can be translated also to the language of chemistry,
too.

Let us emphasise in advance that there are at least three different notions of sim-
plexes in use: (linear-) algebraic, affine and geometric ones. The first two are defined in
Definitions 1 and 10 below while the third one is discussed with chemical applications
e.g. in [2] and [3].

Definition 1 (i) S ⊂ R
n is (algebraic) simplex iff S is minimal linear dependent, i.e.

S is lin. dependent but each proper subset of it is independent. (ii) For any H ⊂ R
n we
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denote by simp(H) the number of simplexes S ⊂ H contained in H. For 2 ≤ k ≤ n+1
we denote by simpk(H) the number of k -element simplexes in H. ��

Simplexes are widely used e.g. in stoichiometry when finding minimal reactions
and mechanisms or for finding dimensionless groups in dimensional analysis (see e.g.
[4–11]).

Consider for example the notion of minimal reactions. Let the chemical species
A1, A2, . . . , An consist of elements E1, E2, . . . , Em as A j = ∑m

i=1 ai, j Ei , (ai, j ∈ N)

for j = 1, 2, . . . , n. Writing A j for the vector
[
a1, j , a2, j , . . . , am, j

]T , we know that
there (might) exists a chemical reaction between the species {A j : j ∈ S} for any
S ⊆ {1, 2, . . . , n} if and only if the homogeneous linear equation

∑

j∈S

x j A j = 0 (1)

has nontrivial solution for some x j ∈ R, j ∈ S , that is if the vector set {A j : j ∈ S} is
linearly dependent. Further, the reaction is called minimal if for no T � S might there
be any reaction among the species {A j : j ∈ T }; that is if the vector set {A j : j ∈ T }
is linearly independent for any T � S. Of course the reactions obtained in the above
way are only possibilities, e.g. the reaction

2Au + 6HCl → 2AuCl3 + 3H2

does not occur under normal conditions.
As a specific example, the species A1 = C, A2 = O, A3 = CO and A4 = CO2 deter-
mine the vectors A1 = [1, 0], A2 = [0, 1], A3 = [1, 1] and A4 = [1, 2], using the
“base” {C, O} in R

2. The vector set H = {A1, A2, A3, A4} contains the simplexes

{A1, A2, A3}, {A1, A2, A4}, {A1, A3, A4} and {A2, A3, A4}.

After solving the corresponding Eq. (1), we have the following (complete) list of min-
imal reactions: C + O = CO, C +2O = CO2, O +CO = CO2 and C +CO2 = 2CO.

For further details and examples see e.g. [10] or [12]. This latter reference further
provides a computer algorithm for the pure algebraic problem of finding all the sim-
plexes in a given set of vectors in R

n , without repetition. In [12] the author presents a
theoretical approach of the problem [13] also offers an algorithm for this problem.

The main question of the present work is:

Problem 2 For given natural numbers m, n ∈ N what is the minimal and maximal
possible value of simp(H) and what are the extremal cases assuming that H ⊂ R

n,
H spans R

n and |H| = m? ��
(Clearly the notion and problem above can be stated in matroids, too, see [14].)

In the words of chemistry: we want lower and upper bounds for the number of
minimal reactions whenever both the number of possible atoms and the number of
species are given.
Our main result in the present paper is (see Theorem 16):
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Theorem Assuming H ⊂ R
3, |H| = m ≥ 24 and H spans R

3 (i.e. H is not coplanar)
we have

simp(H) ≥
( 
m/2�

3

)

+
( �m/2


3

)

(2)

and equality holds just in the case if H is contained in two skew (detour) lines and
these lines contain 
m/2� and �m/2
 many points of H.

In the language of stoichiometry the above result says:

Theorem There are ast least
( 
m/2�

3

)

+
( �m/2


3

)

≈ m3/24 many minimal reac-

tions among m species if the species are built up from 4 kinds of atoms and no parallel
(multiple) species are allowed.

The minimal number of minimal reactions is achieved if and only if there are four
species s1, s2, s3, s4 with no reaction among them and one half of the other species
are linear combinations of s1, s2 while the others are of s3, s4. ��

The above Theorem continues several prevoius results which we briefly list below.
The maximal case for simp(H) in general was solved in [1] and for matroids in

[14]:

simp(H) ≤
(

m
n + 1

)

and equality holds if and only if each n -element subsets of H are independent.1 (This
result is not a pure consequence of Sperner’s theorem.)

The minimal case was solved in [1]:

b

(
a + 1

2

)

+ (n − b)

(
a
2

)

≤ simp(H)

assuming m = an + b (0 ≤ b < n) and H spans R
n . Further, equality holds if and

only if H consists of n collections of parallel vectors of sizes a or a + 1 (differing by
at most one from each other).

For m ≤ 2n there are also some other minimal configurations, see [15].
The next step is to exclude parallel vectors (i.e. multiple quantities or isomers of

species in chemistry). Our first result for the case n = 3 appeared in [16]:

Theorem 3 ([16]) For any H ⊆ R
3 of fixed size not equal to 3, 4, 6 or 7 such that

H spans R
3 and contains no parallel vectors, simp(H) is minimal if and only if H is

contained in two intersecting planes, one of which is of size 3; i.e. precisely when H

1 E.g. the set of vectors
[
1, qi , q2

i , . . ., qn−1
i

]
where q1, . . ., qm are any distinct real numbers—using the

result on Vandermonde determinants.
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contains 3 linearly independent vectors {u1, u2, u3}, another vector v coplanar with
u1 and u2 and the rest H \ {u1, u2, u3, v} coplanar with u2 and u3. This implies

(
m − 2

3

)

+ 1 +
(

m − 3
2

)

≤ simp(H)

or, approximatively ≈ m3

6 ≤ simp(H). ��
We say many thanks to P. Sellers [17] for pointing out some errors in our above

paper, e.g. concerning the case |H| = 6.
In [16] also a general conjecture was settled:

Conjecture 4 (Laflamme-Szalkai, [16]): For the general problem in R
n regarding the

minimum size of simp(H) where H is of fixed size, spans R
n and contains no colinear

vectors the minimum is attained precisely for the following configurations:

(i) If n is even, H contains n linearly independent vectors {ui : i = 1, . . ., n} and
the remaining divided as evenly as possible between the planes {[ui , ui+1] :
i = 1, 3, . . ., n − 1}.

(ii) If n is odd, H again contains n linearly independent vectors {ui : i = 1, . . ., n},
one extra vector in the plane [un−1, un] and finally the remaining vectors divided
as evenly as possible between the planes {[ui , ui+1] : i = 1, 3, . . ., n − 2} with
lower indices having precedence.

In the language of chemistry we say:

Conjecture 5 If the species are built up from n kinds of atoms and no parallel (mul-
tiple) species are allowed, then the minimal number of minimal reactions is achieved
if and only if

(i) If n is even, there are n species s1, s2, . . ., sn with no reaction among
them (at all), all the n kinds of atoms occur in s1, s2, . . ., sn, and all
the remainig species are divided as evenly as possible between the planes
[s1, s2] , [s3, s4] , . . .,

[
sn−1, sn

]
—in other words: the remainig species are lin-

ear combinations αsi + βsi+1 of these pairs {si , si+1}.
In this case the minimal number of minimal reactions is

b

( �2m/n

3

)

+ (n − b)

( 
2m/n�
3

)

≈ 2m3

3n2 (3)

where m denotes the number of species, m ≥ 3
2 n and m − n = a n

2 + b
(
0 ≤ b < n

2

)
.

(ii) If n is odd, there are n species s1, s2, . . ., sn with no reaction among them (at
all), all the n kinds of atoms occur in s1, s2, . . ., sn , one extra species in the
form μsn−1 + νsn , and finally the remaining species are divided as evenly
as possible between the planes [s1, s2] , [s3, s4] , . . .,

[
sn−2, sn−1

]
with lower

indices having precedence.
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In this case the minimal number of minimal reactions is

b

(⌈
2(m−2)

n−1

⌉

3

)

+ (n − b)

( 2(m−2)
n−1
3

)

+ 1 ≈ 2m3

3n2 (4)

where m denotes the number of species, m ≥ 3
2 (n − 1)+ 2 and m − (n + 1) =

a n−1
2 + b

(
0 ≤ b < n−1

2

)
.

The approximations in (3) and (4) are valid for large m. ��
In Theorem 16 we prove (i) for n = 4, after reducing the problem to R

3 in the
next Section (see the construction in Lemma 12). For dimensions (number of types of
atoms) n ≥ 5 the above Conjecture has not been proved yet.

The remainder part of the present paper is a mathematical justification of Theo-
rem 16—the case n = 4 of Conjecture above.

We conclude with some general properties of simplexes:

Claim 6 (o) 0 /∈ H can be assumed,

(i) S = {
x1, . . ., xk

} ⊂ R
n is a simplex if and only if for any i ≤ k we have:

S\{xi } is independent and xi is a unique linear combination of the elements of
S\{xi } where none of the coefficients is 0,

(ii) multiplying each element of H by (possible different) scalars simp(H) does not
change. ��

2 Reducing the dimension

In this Section we reduce the problems H ⊂ R
n from any dimension n to another one

H′ ⊂ R
n−1 using the following Remark:

Remark 7 In what follows we assume that H ⊂ R
n does not contain parallel vectors

(i.e. H does not contain 2 -element simplexes) and we are interested in the minimal
value of simp(H) ��

Now we can replace each vector from H with its direction using Claim 6 (ii) (i.e.
we map H into the projective space P(Rn)):

Notation 8 For any h ∈ R
n we let

�h := {λ · h : λ ∈ R, λ �= 0}

and for H ⊂ R
n

�H := {
�h : h ∈ H}

. ��

Let us now invesatigate the intersection

�H ∩ P (5)
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for a suitable n − 1 -dimensional affine hyperplane P ⊂ R
n which is not parallel to

any h ∈ H. By the definition of �H, there is a bijective correspondence between H
and the intersection above in (5), which is an n −1 -dimensional subspace of R

n . How
can we reformulate the notion of simplexes in the intersection (5)?

Cases n = 3 and n = 4 can be easily seen (for subsets S � �H ∩ P):

Definition 9

(i) A set of points S ⊂ R
2 is an affine

� 3-element simplex iff S is three colinear points,
� 4-element simplex iff S is any four points but none three of them are colinear,
� there are no other affine simplexes in R

2.
(ii) A set of points S ⊂ R

3 is an affine
� 3-element simplex iff S is three colinear points,
� 4-element simplex iff S is any four coplanar points but none three of them

are colinear,
� 5-element simplex iff S is any five points but none four are coplanar (and

thus none three of them are colinear),
� there are no other affine simplexes in R

3. ��
(This concept could also be defined in projective spaces as we practically projec-

tivized H above.)
Now, the general definition goes as follows:

Definition 10 Any finite set S = {
s1, s2, . . ., sk

} ⊂ R
n is an affine simplex if and

only if k ≥ 3, the set

{
s1 − sk , s2 − sk , . . ., sk−1 − sk

}
.

is linearly dependent and no proper subset of S is an affine simplex. ��
We also have to correspond the elements of H and �H ∩ P in (5):

Definition 11 For fixed P and any vector h we denote

℘
(
h
) := �h ∩ P

the “image” (or “trace”) of h in P . ��
Now we can reduce the dimension of our original problem with the help of the

following Lemma:

Lemma 12 For any finite (or countable) set of vectors H ⊂ R
n there is an n − 1

-dimensional hyperplane P ⊂ R
n for which, putting

H′ := �H ∩ P

we have |H′| = |H| and

S ⊂ H is an algebraic simplex ⇐⇒ ℘ (S) ⊂ H′ is an affine simplex.
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Proof The n − 1 dimensional hyperplanes, excluding the 0, have equation r · x = c
for some c �= 0 and r �= 0. Since H is at most countable we can chose an r ∈ R

n not
orthogonal to any element of H (since the functions fh

(
r
) := r · h are continuous).

Using the definition of �H and the other definitions above, we conclude that P and
H′ work. ��

In what follows we work in R
3 and write H instead of H′ for simplicity, further

we omit the attribute affine everywhere.
We will use the following version of Theorem 3 using the above (affine) terms:

Theorem 13 ([16]) For any set of points H ⊆ R
2 of fixed size not equal to 3, 4, 6 or

7 such that H is not contained in a single line, simp(H) is minimal if and only if H
is contained in two intersecting lines:

H = {P1, P2, . . ., Pm} ⊆ �1 ∪ �2

where �1 = {P1, P2, P3} and �2 = {P3, P4, . . ., Pm}. ��

By Lemma 12 and Definition 9 the above Theorem is an equivalent form of Theo-
rem 3.

Similarly, for n = 4 we have the following equivalent version of Conjecture 4:

Conjecture 14 For any set of points H ⊆ R
3 of fixed size m ≥ m0 such that H is not

contained in a single plane, simp(H) is minimal if and only if H is contained in two
skew lines, these lines contain 
m/2� and �m/2
 points, respectively.

This Conjecture will be proved in Theorem 16.
In what follows, we always talk about H′ ⊂ R3 instead of H ⊂ R4 and write

simply H ⊂ R3.

3 The proof

So H ⊂ R
4 i.e. H′ ⊂ R

3, |H| = |H′| = m and

H′ ⊂ R
3 is not coplanar (6)

and we write H instead of H′ from now on.

Definition 15 (i) For any points A, B, C ∈ R
3 we denote by [A, B] and by [A, B, C]

the line and the plane spanned by the points A, B or A, B, C , respectively. Further,
we use the notation [A, B, C, . . ., N ] for emphasizing the coplanarity of the points
A, B, C, . . ., N ∈ R

3, too.
(ii) Call a line E ⊂ R

3 large if it contains at least 3 elements of H.
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A plane S ⊂ R
3 is called large if |S ∩ H| ≥ 4. A large plane is huge if it contains

at least 4 elements of H, none 3 of them is colinear (i.e. an S contains a 4 -element
simplex of H). ��

Of course, when we talk about lines and planes we consider the points of H only.
Now we start the proof of our main result (which is an equivalent reformulation of

Conjecture 4):

Theorem 16 Assuming H ⊂ R
3, |H| = m ≥ 24 and H spans R

3 (i.e. H is not
coplanar) we have

simp(H) ≥
( 
m/2�

3

)

+
( �m/2


3

)

(7)

and equality holds just in the case if H is contained in two skew (detour) lines and
these lines contain 
m/2� and �m/2
 many points of H.

The smaller cases 4 ≤ |H| ≤ 23 will be described in http://math.uni-pannon.hu/
~szalkai/simplexes.html.

Proof The case when H is contained in two skew lines is trivial:

simp(H) ≥
( 
m/2�

3

)

+
( �m/2


3

)

in this case (see Lemma 20).

The only thing left is to prove that all other cases contain more simplexes.
The rest of the paper is devoted to the proof. We investigate two cases in the forth-

coming two subsections: does H contain a 5 -element simplex or not. ��

3.1 The CASE “ H contains a 5-element simplex”

Let

R∗ := {R1, R2, R3, R4, R5} ⊆ H

be a fixed 5 -element simplex in H.

Definition 17 Call any triplet {Q1, Q2, Q3} ⊆ H extendable iff
either {Q1, Q2, Q3} is a (3 -element) simplex
or {Q1, Q2, Q3, Ri } is a (4 -element) simplex for some Ri ∈ R∗
or

{
Q1, Q2, Q3, Ri , R j

}
is a (5 -element) simplex for some Ri , R j ∈ R∗. ��

We will explore that the number of extendable triplets—and so simp(H)- is greater

than

( 
m/2�
3

)

+
( �m/2


3

)

in (7).

Lemma 18 The incidency-matrices of non-extendable triplets (up to permutations)
are only:
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Q1 Q2 Q3 R1 R2 R3 R4 R5

(a)
0 1 1 0 0 0 1 1 Line 1
1 0 1 1 1 1 0 0 Plane 1
1 1 1 0 0 0 1 1 Plane 2

Q1 Q2 Q3 R1 R2 R3 R4 R5

(b)
1 0 1 0 0 0 0 1 Line 1
0 1 1 0 0 0 1 0 Line 2
1 1 0 1 1 1 0 0 Plane 1
1 1 1 0 0 0 1 1 Plane 2

and

Q1 Q2 Q3 R1 R2 R3 R4 R5

(c)
0 1 1 0 0 0 0 1 Line 1
1 0 1 0 0 1 1 0 Line 2
1 1 0 1 1 0 0 0 Plane 1
1 1 1 0 0 1 1 1 Plane 2

Proof So we are given the non-extendable triplet {Q1, Q2, Q3} ⊆ H. This means that
{Q1, Q2, Q3} is not colinear and for each R j ∈ R∗ we have either R j /∈ [Q1, Q2, Q3]
or R j ∈ [Qu, Qv] for some u, v ∈ {1, 2, 3}. Moreover, none of the quintlets{

Q1, Q2, Q3, R j1 , R j2

}
is a 5 -element simplex for all 1 ≤ j1, j2 ≤ 5.

So either
{

R j1 , R j2 , Qu
}

is colinear, or

{
R j1 , R j2 , Qu, Qv

}
is coplanar for some u and v. (8)

(Since the previous case implies the last one, we have to deal only with the last one.)

Sublemma For some permutation (a, b, c, d, e) of the set (1, 2, 3, 4, 5) and for some
1 ≤ u < v ≤ 3 the points [Ra, Rb, Rc, Qu, Qv] and [Rd , Re, Qu, Qv] are coplanar,
further the line [Qu, Qv] may contain at most one Ri point.

Proof All the

(
5
2

)

= 10 pairs
{

R j1, R j2

}
are coplanar with some pair {Qu, Qv} but

the total number of pairs {Qu, Qv} is only

(
3
2

)

= 3. By the pigeonhole principle at

least 4 pairs of kind
{

R j1 , R j2

}
are coplanar with the same {Qu, Qv}. The set of these

4 pairs of
{

R j1 , R j2

}
can not be disjoint.

If e.g. {R1, R2} and {R2, R3} are both coplanar with {Qu, Qv} then clearly
all the five points {R1, R2, R3, Qu, Qv} must be coplanar. Since all the points
{R1, R2, R3, R4, R5} may not lie on a plane, the only possibility is that we have
the two planes [Ra, Rb, Rc, Qu, Qv] and [Rd , Re, Qu, Qv] (up to isomorphism).
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If (at least) two points of {R1, R2, R3, R4, R5} are incident on the line [Qu, Qv] then
one of the planes would contain at least four points of them, contradicting to the
assumption that {R1, R2, R3, R4, R5} is a 5 -element simplex. ��

Denote the number of the R j ∈ R∗ points incident on the plane [Q1, Q2, Q3] by
db, clearly 0 ≤ db ≤ 3.2 In each of the cases below we cite Sublemma without men-
tioning it. (The indices of the points Ri follow the numbering of the Tables above—the
result of our computer programs.)

Case db = 0 : We have two planes [R1, R2, R3, Q1, Q2] and [R4, R5, Q1, Q2]. We
will show that one of the six quintlets

{
Q1, Q2, Q3, Ri , R j

}
( j = 4, 5, i = 1, 2, 3)

is a 5 -element simplex. If one of them, “coded” by (i, j) is not a 5 -element sim-
plex then (iff) either

[
Q3, R j , Ri

]
forms a line or

[
Qt , Q3, R j , Ri

]
forms a plane

either for t = 1 or for t = 2 (using db = 0 again), the latter case extends the first
one, too. Can Q3 be included in all of these twelve planes? In fact, we have at most
four planes

[
Qt , Q3, R j

]
only. Consider first R1. If both {Q1, Q2, Q3, R4, R1} and

{Q1, Q2, Q3, R5, R1} are not simplexes, then

(ei ther R1 ∈ [Q1, Q3, R4] or R1 ∈ [Q2, Q3, R4])

and (ei ther R1 ∈ [Q1, Q3, R5] or R1 ∈ [Q2, Q3, R5]).

Using db < 2 we must have

R1 ∈ [Q1, Q3, R4] ∩ [Q1, Q3, R5] OR R1 ∈ [Q2, Q3, R4] ∩ [Q2, Q3, R5] ,

that is R1 ∈ [Q1, Q3, R4, R5] OR R1 ∈ [Q2, Q3, R4, R5].
These cases are equivalent to “[Q1, R4, R5] is colinear” and “[Q2, R4, R5] is colin-
ear”, respectively. These two cases exclude each other, let us suppose that [Q1, R4, R5]
is colinear. The same holds for R2 and R3 , so R1, R2, R3 ∈ [Q1, Q3, R4, R5].
Together with R1, R2, R3 ∈ [R1, R2, R3, Q1, Q2] but Q3, R4, R5 /∈ [R1, R2, R3,

Q1, Q2] we must conclude that R1, R2, R3 are colinear—a contradiction. This argu-
ment justifies that one of the quintlets

{
Q1, Q2, Q3, R j , Ri

}
is a 5 -element simplex.

Case db = 1 : Let R1 ∈ [Q1, Q2, Q3] which also implies e.g. that R1 ∈ [Q1, Q2].
By Sublemma we must have two planes [Ra, Rb, Rc, Qu, Qv] and [Rd , Re, Qu, Qv],
but what can (u, v) be?

If (u, v) = (1, 2) then we have the planes [R1, R2, R3, Q1, Q2] and [R1, R4, R5,

Q1, Q2] using the Sublemma and R1 ∈ [Q1, Q2]. Now each of the four pairs
{R2, R4} , {R2, R5} , {R3, R4} , {R3, R5} must be coplanar either with {Q3, Q1} or
with {Q3, Q2}. In any case the pigeonhole principle implies, e.g. that [R2, R4, R5, Q3,

Q1] and [R3, R4, R5, Q3, Q2] are new planes which have 3 common points—a con-
tradiction.

If (u, v) �= (1, 2), say (u, v) = (1, 3) then suppose that the points [R2, R3, R4,

Q1, Q3] and [Q1, Q2, R1, R5] and [Q1, Q2, Q3, R1] are coplanar while R5 /∈
[R2, R3, R4, Q1, Q3] ∪ [Q1, Q2, Q3, R1].

2 The cases (a) and (b) in the statement belong to db = 2 while case (c) belongs to db = 3.
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We now show that at least one of the three quintlets {Q1, Q2, Q3, Ri , R5}
(i = 2, 3, 4) is a 5 -element simplex. If not, then either [Q2, R5, Ri ] forms a line
or [Qt , Q2, R5, Ri ] forms a plane for some i ∈ {2, 3, 4} and t ∈ {1, 2} (using
db < 2), the latter case extends the first one, too. By the pigeonhole principle
there is a t for which there are (at least) two i such that [Qt , Q2, R5, Ri ] forms
a plane, say [Q3, Q2, R5, R2] , [Q3, Q2, R5, R4] and [Q1, Q2, R5, R3]. But in this
case {R5, R2} can not be coplanar with any {Qr , Qs} which implies that the quintlet
{Q1, Q2, Q3, R5, R2} is an 5 -element simplex!

Case db = 2 : Using R4, R5 ∈ [Q1, Q2, Q2] we have two Subcases:
Subcase (i): R4, R5 ∈ [Q2, Q3] which implies that the two planes men-

tioned in Sublemma must e.g. be [R1, R2, R3, Q1, Q3] and [R4, R5, Q1, Q3] =
[R4, R5, Q1, Q2, Q3].
This is Table (a) in the present Lemma.

Subcase (ii): R4 ∈ [Q2, Q3] and R5 ∈ [Q1, Q3] implies that this two planes
must be [R1, R2, R3, Q1, Q2] and [R4, R5, Q1, Q2] = [R4, R5, Q1, Q2, Q3] since
db = 2, which is Table (b).

Case db = 3 : Assuming three Ri ∈ [Q1, Q2, Q3] we again have two Subcases:
Subcase (i): R3 ∈ [Q1, Q2], R1 ∈ [Q1, Q3] and R2 ∈ [Q2, Q3]. Sublemma gives
us the planes (by symmetry) [R3, R4, R5, Q1, Q2] and [R1, R2, R3, Q1, Q2, Q3].

Consider now the pairs {R1, R4} , {R1, R5} , {R2, R4} and {R2, R5}—using (8) we
get pairs {Qu, Qv} such that the points

[
Ri , R j , Qu, Qv

]
are coplanar. We must have

{u, v} �= {1, 2} since there are no three colinear points among {R1, . . ., R5}. Only two
possibilities for {u, v} remained for the four pairs

{
Ri , R j

}
we are considering, so at

least two of them shares the same {u, v}.
Suppose e.g. that [R1, R4, Q1, Q3] and [R1, R5, Q1, Q3] are coplanar which means

R4, R5 ∈ [R1, R4, R5, Q1, Q3] ∩ [R3, R4, R5, Q1, Q2].

Since no four point among {R1, . . ., R5} are coplanar, the points [R2, R4, Q2, Q3] and
[R2, R5, Q2, Q3] are coplanar, too, which implies that

R4, R5 ∈ [R2, R4, R5, Q2, Q3].

The last two relation implies

R4, R5 ∈ [R4, R5, Q1, Q3] ∩ [R4, R5, Q1, Q2] ∩ [R4, R5, Q2, Q3]

which is a contradiction since [Q1, Q2, Q3] are coplanar but not colinear and R4, R5 /∈
[Q1, Q2, Q3] and R4 �= R5.
Subcase (ii): R3, R4 ∈ [Q1, Q3] and R5 ∈ [Q2, Q3]. By Sublemma we must have
one more large plane either [R1, R2, Q2, Q3] or [R1, R2, Q1, Q2] since the plane
[R1, R2, Q1, Q3, R3, R4] is impossible.

If [R1, R2, Q2, Q3] is a plane, consider the pairs {R1, R4} , {R1, R3} , {R2, R4} and
{R2, R3}. Using (8) we get pairs {Qu, Qv} such that the points

[
Ri , R j , Qu, Qv

]
are
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coplanar. Since R3, R4 ∈ [Q1, Q3] and {Q1, Q2, Q3} are not colinear we must have
{Qu, Qv} = {Q1, Q3} which implies that [R1, R2, R3, R4] would be coplanar—a
contradiction.

The plane [R1, R2, Q1, Q2] implies that we are talking about Table (c).
End of the proof of Lemma 18. ��

Lemma 19 Any non-extendable triplet {Q1, Q2, Q3} is determined by (at most) two
of its elements.

Proof We have to discuss the three cases from the previous lemma.
Case (a) Q1 /∈ [R4, R5] since {Q1, Q2, Q3} is not colinear (see Table a), line 1).

So we may let
line2 := [Q1, Q3] = Plane1 ∩ Plane2 = [R1, R2, R3] ∩ [R4, R5, Q1],

so Q3 = line1 ∩ line2 = [R4, R5] ∩ line2 which means that Q3 is determined by
Q1. Since Q2 ∈ [R4, R5] is arbitrary, the triplet {Q1, Q2, Q3} is determined by Q1
and Q2 in this case. (Moreover Q1 ∈ [R1, R2, R3] must be assumed.)

Case (b) Q3 /∈ [R4, R5] since {Q1, Q2, Q3} is not colinear (see Table (b), line 1).
So we may let

line3 := [Q1, Q2] = Plane1 ∩ Plane2 = [R1, R2, R3] ∩ [R4, R5, Q3],
so Q1 = line1 ∩ line3 = [Q3, R5] ∩ line3
and Q2 = line2 ∩ line3 = [Q3, R4] ∩ line3 which mean that Q3 determines Q1
and Q2 in this case.

Case (c) If e.g. Q2 /∈ [R1, R2] (or Q1 /∈ [R1, R2]) then we let
line3 := [Q1, Q2] = Plane1 ∩ Plane2 = [R1, R2, Q2] ∩ [R3, R4, R5],

so Q1 = line2 ∩ line3 = [R3, R4] ∩ line3
and Q3 = line2 ∩ line1 = [R3, R4] ∩ [Q2, R5]
which mean that Q2 determines Q1 and Q3.

Clearly either Q1 /∈ [R1, R2] or Q2 /∈ [R1, R2] must hold since otherwise
[R1, R2] = [Q1, Q2] ⊂ [R3, R4, R5] would hold but [R1, R2, R3, R4, R5] is a con-
tradiction.

The subcase [R3, R4]∩[Q2, R5] means that the points {R1, R2, R3, R4, R5, Q1, Q2,

Q3} do not satisfy any case of Lemma 18 which means that {Q1, Q2, Q3} is an extend-
able triplet. ��

By the above result we have that the number of the non-extendable triplets is at

most 3 ·
(

m − 5
2

)

, so we have at least

(
m − 5

3

)

− 3 ·
(

m − 5
2

)

many extendable

triplets. This implies

simp(H) ≥ 1 +
(

m − 5
3

)

− 3 ·
(

m − 5
2

)

which is larger than

( 
m/2�
3

)

+
( �m/2


3

)

in (7) since the corresponding cubic

function

1 +
(

m − 5
3

)

− 3 ·
(

m − 5
2

)

− 2

(
m/2

3

)

> 0
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has the roots m1 ≈ 4.747, m2 ≈ 5.637 and m3 ≈ 23.615.
End of the proof of CASE “H contains a 5-element simplex”. ��

3.2 The CASE “H does not contain a 5-element simplex”

In Lemmae 20 through 22 we do not use the assumption that H does not contain
a 5-element simplex. The proof itself of the Case “H does not contain a 5-element
simplex” starts after Lemma 22

Lemma 20 If two skew lines contain all points of H then simp(H) is minimal if and
only if these lines contain

⌊m
2

⌋
and

⌈m
2

⌉
points, respectively.

Proof Let these lines contain x and m − x points (m ≥ 4), then we have only 3
-element simplexes:

simp(H) =
(

x
3

)

+
(

m − x
3

)

= m − 2

2
· x2 − m (m − 2)

2
· x +

(
m
3

)

≥ 2 ·
(

m/2
3

)

(9)

��
Lemma 21 If simp(H) is minimal then there is a large plane in H.

Proof If not, then there are no large lines as well. But then each 5 points of H forms
a simplex, which means that simp(H) is maximal by [1]. ��
Lemma 22 If |H| ≥ 8 and H but a single point P0 is contained in a single plane S
then simp(H) is not minimal.

Proof In this case

simp(H) = simp3(H) + simp4(H) + simp5(H)

= simp(S) + 0

≥
(

m − 3
3

)

+ 1 +
(

m − 4
2

)

(10)

using m ≥ 8 and the results in [16].

It is easy to see that

(
m − 3

3

)

+1+
(

m − 4
2

)

> 2

(
m/2

3

)

for each m ∈ N since

the corresponding cubic equality has roots m1 ≈ −0.296, m2,3 ≈ 5.148 ± −0.738i .
��
Proof of Theorem 16 CASE “there is no 5-element simplex in H” assuming |H | ≥ 8.

Since H spans R
3 there is a tetrahedron {A1, A2, A3, A4} ⊂ H.

Supposing that no 5 -element simplex is contained in H we know that all other points
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of H must lie on the infinite surface of this tetrahedron (on the four planes determined
by these four points).

Case I. There are 4 points in general position (i.e. no 3 is lying in a line) on (at least)
one of the planes—i.e. this is a huge plane. Let us suppose this plane [A2, A3, A4]
with A5 ∈ [A2, A3, A4] where A2, A3, A4, A5 are in general positions.

Now consider all the four tetrahedrons with common vertex A1, that is {A1, A2, A3,

A4}, {A1, A2, A3, A5} , {A1, A2, A4, A5} and {A1, A3, A4, A5}. H must be contained
in the intersection of their surfaces. This intersection is the plane [A2, A3, A4, A5]
plus the (possible) lines [A1, C1] , [A1, C2] and [A1, C3] where C1, C2, C3 are the
following points of the plane [A2, A3, A4, A5] :

C1 := [A2, A5] ∩ [A3, A4] , C2 := [A4, A5] ∩ [A2, A3] and C3 := [A3, A5] ∩
[A2, A4].3

Subcase 1 H\{A1} is contained in the plane [A2, A3, A4]. This case was discussed
in Lemma 22.

Subcase 2 There is at least two points of H outside of the plane [A2, A3, A4] (one
of them is A1). By symmetry we may suppose that the new point D ∈ H is incident
on [A1, C1], say D ∈ [A1, C1], D �= C1. Applying the argument before Subcase 1 to
D instead of A1 we may conclude that no elements of H may lie on the lines [A1, C2]
and [A1, C3].

In other words: H is contained in the plane [A2, A3, A4] plus the line [A1, C1].
Subsubcase (2.a) There is a further point E ∈ H on the plane [A2, A3, A4] , E �=

C1. We may choose two (fixed) indices i, j ∈ {2, 3, 4, 5} so that C1, E /∈ [
Ai , A j

]

which implies that
{

A1, Ai , A j , D, E
}

is a 5 − element simplex - a contradiction.
Subsubcase (2.b) No further points of H are on the plane [A2, A3, A4] just

{A2, A3, A4, A5}, i.e. H\ {A2, A3, A4, A5} ⊂ [A1, C1].
In the subsubsubcase C1 ∈ H we can find 3 -element simplexes are on the line

[A1, C1] while {A2, A3, A4, A5} and
{

A1, Ai , A j , X
}

are 4 -element simplexes for
all X ∈ [A1, C1], so

simp(H) ≥
(

m − 4
3

)

+ 1 +
(

m − 5
2

)

·
(

4
2

)

> 2 ·
(

m/2
3

)

while in the subsubsubcase C1 /∈ H we have

simp(H) ≥
(

m − 4
3

)

+ 1 +
(

m − 4
2

)

·
(

4
2

)

> 2 ·
(

m/2
3

)

for m ≥ 7.
Case II.: there are no 4 points in general position on any of the planes of the tet-

rahedron {A1, A2, A3, A4}. Now let us say the plane [A1, A2, A3] contains at least 4
points with the line [A1, A2] containing all (at least 3 but A3) points of this plane.
Then, the plane [A1, A2, A4] also must contain no points outside the line [A1, A2]

3 Some of the points C1, C2, C3 may not exists when
[
A1, Ci

]
is paralel to

[
A2, A3, A4, A5

]
. However,

at least one of the points C1, C2, C3 must exist, say C1 does. Further, C1, C2, C3 need not belong to H,

this question is irrelevant until Subsubcase (2.b).
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except A3. This means that no edges (as infinite lines) of the tetrahedron may contain
more than 2 points except [A1, A2] and [A3, A4]. This case of two skew lines was
calculated in Lemma 20.

End of the Proof of Theorem 16. ��
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